C 527 ]

XXIL. An improved Solution of a Problem in pbyéiml Astro-
nomy; by which, swiftly converging Series are obtained, which
are useful in computing the Perturbations of the Motions of
the Earth, Mars, and Venus, by their mutual Attraction. To
which is added an Appendix, containing an easy Method of
obtaining the Sums of many slowly converging Series which
arise in taking the Fluents of binomial Surds, &c. By the
Rev. John Hellins, F. R. S. Vicar of Potter’s Pury, in North-

“amptonshire. In a Letter to the Rev. Nevil Maskelyne, D, D.
F.R. 8. and Astronomer Royal. '

Read June 28, 1798.

REVEREND SIR, Potter’s Pury, April 17, 1797

Sver is the subject of the inclosed papér, and such the repu-
tation for skill and industry, which the many valuable papers
you have communicated to the Royal Society, and your other
learned works, have justly procured to you, that it could not
with more propriety be submitted to the judgment of any other
person than yourself, even if the writer of it were a stranger
to you. ’

~ But there are circumstances which render my presenting it
to you, in some measure, a duty. I had the advantage of being,
for some years, your Assistant in the Royal Observatory at
Greenwich; during which time, you made the important obser-
vations on the mountain Scheballien, in Scotland, which afford
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528 My. HeLLINS'S improved Solution of

an ocular demonstration of the attraction of that mountain, and
a strong argument for the general attraction of matter, a sub-
ject nearly connected with that of the following pages; and it
was from you that I received the problem of which you will
here find an improved solution.

The diffidence with which I entered on a speculatlon which
had engaged the attention of such learned men as SimPsoN,
EvuLer, and DE LA GRANGE, is well known to you. Consi-
dering the great abilities of these men, and the length of time
which EULER, in particular, appears to have employed on the
subject, all that I at first expected to effect was, to facilitate
the summation of the slowly converging series by means of
which they had computed the perturbations of the motions of
the planets in their orbits, which arise from their actions on
one another, by the force of gravity; and that this might be
done by a method which I had some time before discovered,
was evident, on inspecting their series. Here, it is probable, I
should have stopped, had not you been pleased to put into my
hands a sheet of paper, written by the late Mr. Stmpson, which,
though very ingenious, was, by mistakes, which seem to have
entered in transcribing it, rendered unintelligible to some emi-
nent mathematicians who had perused it; in which state it
had remained thirty-six years. On perusing this paper, the
first thing that occurred to me was, a different method of find-
ing the fluent, from that which had been used by Mr. Simpson;
by which means, series converging by the powers of X were
obtained, while the series brought out the common way lost all
convergency by a geometrical progression, and a computation
by it was more difficult than the computation of the length of
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2 quadrantal arch of the circle by the series 1 - iR
'5"1"'5‘7’ &e. Afterwards, I discovered the method of trans-
forming that serles which had lost all convergency by a geo-
metrical progression, into another in which the literal powers
decrease very swiftly; which is the improvement I now offer
to you,

- In comparing the series here produced, for computing the-
values of A and B in the equation (@ —b x cos.z)"=A 4 B.
cos. % + C. cos. 2z 4+ D cos. gz 4 &c. with those which have
been published for that purpose, by Messrs. EvLER and DE LA
GRANGE, it will appear, that those cases which were the most
difficult to be computed by their methods, are the most easy
by mine. For instance; if Venus’s perturbation of the motion
of the Earth were to be computed, (and vice "ve}'sd,; ) the literal
powers which have place in M, EULER’S series, would be very
nearly equal to the powers of % ; the literal powers which have
place in M. Dt LA GRANGE’s series, would be nearly equal to
the powers of Z; and, in the series now produced, the literal
powers would decrease somewhat swifter than the powers
of %

M DE ra GRANGE has indeed, by a very ingenious device,
obtained a convergency in the numeral coefficients of the series
that he uses, which, for the first five terms of it, is nearly equal
to the powers of £; but this convergency becomes less and
less in every succeeding term, and the coefficients approach
pretty fast to a ratio of equality; so that, to-obtain the sum of
the series to six places of decimals, he proposes to compite
the ﬁrst ten terms of it. The case in which those coefficients

MDCCXCVIIL. 3Y



530 Mr. HELLINS's improved Solution of
have that convergency, is When n (which answers to his s,)
is j-_=‘—— a case which does not often happen however, from

the values of A and B, when # = ——, he derives their values
when n =1, 3, &¢. by another very ingenious device, worthy
of that skill for which he is justly cclebrated. But, »by the me-
thod now proposed, the chief part of the convergency is in the
literal powers; and such a difference in the numeral coeffi-
cients, for a different value of n, does not take place.

For Mars’s perturbatlon of the Earth’s motion, the hteral

powers by which the three different series converge, are nearly
as follows:

M. EuLER’s, 1 45
M. DE-LA GRANGE'S, by the powers of< 12
"The series now proposed, | o Las®

If, indeed, the perturbation which arises from the action of
Jupiter upon the earth was to be computed, M. DE LA GRANGE'S
series would be the best that has hitherto been published for
the purpose, as the literal powers of it would, in that case, be

- » For obtéining nearly the different rates of convergency of the literal powers.in
the three series, it will be sufficient to consider the distance of the two planets of which
the perturbations are to be computed, as = 4/ (RR47r—2R r x¢,z), where Rand »
denote their mean distances from the sun, of which R is the greater, and ¢, 2 the cosine
of the angle of commutatlon. Then will M. De LA GrANGE’s series converge by the

powers of the quannty TR and, since RR 4 r r=a, and 2R r=b, in our notation,

- bb . .
and the converging quantity in M. Evrer’s series is (nn) = -t will be =
AR and b h fwhich the new series converges, is = —— b
(RR+r)=’an ccﬁ, y the powers of whi ges, is = ——— =

RR—2Rr4rr (R—r)? . .
RRFR7 177 = ER+ e See the Memoirs of the Royal Academy of Sciences and

Belles-Lettres at Berlin, for1781, p. 257 ; M. Evrer’s Institutiones Calculi Integralis,
Vol.I. p.186; and Art. 4, in what follows.
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nearly equal to the powers of -%., while the literal powers in
the new series would differ but little from those of ;. So
that, for computing the perturbation of each of these three pla~
nets, we now have series converging so very 'swiftly, that the
first four terms are sufficient for the purpose.

These indeed are the perturbations of motion, arising from
the actions of the planets, which the inhabitants of this globe
have most frequent occasion to compute. And, since two of the
three are most easily calculated by the method explained in the
following pages, I am not without hopes that I have rendered
an acceptable piece of service to astronomers in general, and
‘more especially to those who are most intent upon improving
astronomical tables.

But it may be proper to remark, that the use of the new series
is not confined to the computations just mentioned, but may
successfully be used in computing the perturbations of the mo-
tions of other planets. For instance, in the computation of
the perturbation of Saturn’s motion by Jupiter, (and vice versd,)
the convergency of this series will be nearly by the powers of
5> which is a swift rate of convergency. And, for the pertur-
bation of the Georgium sidus by Saturn, (and vice versd,) the
series will converge nearly by the powers of %, which is also
swiftly.

-~ And it is further to be remarked, that in the last instance,
and indeed whenever the radii of the orbits of the two planets
differ from each other in the ratio of ¢ to 1; M. DE LA GRANGE’S
series may be used with advantage, since the convergency of
the first five terms of it will then be nearly by the powers
of ;%3 the numeral coeflicients of those terms ~¢onverging as

3Ya
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swiftly as the literal powers do in that case:' "And, when the
ratio of the two radii is greater than that of 2 to 1, his series
will converge more swiftly.

With great pleasure therefore I see,that, by one or other
of these methods, some of the’longest and ‘most difficult
calculations’ which formerly arose in the theory of astrono-
my, may now be exchanged for others’ which are short and
easy

It is with satisfaction also, that I perceive the facility of com-
puting by the series I now present to you, is not at all less-
ened by the more general notation- you have given to the
denominator of the fraction from which it is derived, at the
same time that a more accurate result is obtained than M. D
LA GRANGE proposed. | For, in the computatlons of which I
have been speaking, he neglected both the excentricities of the
orbits of the planets, and their inclinations to the ecliptic, as.
‘inconsiderable: you, finding the effect of these omissions to be
greater than. he imagined, have taken them in. Your other
ingenious labours on this subject will be best described by your-
self, and cannot fail of being gratefully received by all learned
astronomers.

With respect to the method by which the sums of the very
slowly convergmg numerical series, which occur in the sub-
sequent pages, are obtained, I need not say to you, that it is
of extensive utility, and may be successfully applied in many
cases.

Thave only to request, that, if the paper here inclosed meets
‘with your approbation; you will' communicate ‘it 'to the Royal
Society. ' For, although I think T cannot ' bé ‘mistaken re-
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specting the utility of the invention explained in it, yet such
is my respect for that learned body, that:I am unwilling to
send them any paper of mine, on so difficult and important
a subject, till it has been exammed by an able judge of the -
subject.
I am,
Rev. Sir, &e.

JOHN HELLINS.

An improved Solution of a Problem in physical Astronomy, &c.
| | I

1. The perturbation of the motions of the planets in their
orblts, by the action of one upon another, is a curious phaeno-
menon, which, while it affords to the philosopher a clear proof
of the general attraction of matter, produces a problem of no
small difficulty to. the astronomer; viz. to compute the quan-
tity by which a planet, so acted upon, deviates from an ellipsis
in its course round the sun: a problem which hath called forth
the skill of several of the most learned ph]losophers and astro-
nomers of the last and present age.

* A preparatory step to the solution of this problem is, to find
a convenient expression for the reciprocal of the cube, or ra-
ther of the ntt power, of the distance of any two planets. Such
an expression was first given by M. EuLER, in series proceed-
.ing by the cosines of the multiples, in arithmetic progression,,
of the angle of commutation; but the calculations of the first
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two coefficients in it were very laborious, requiring the sum-
mation of series of the common form, which converged very
slowly. Afterwards, other series were discovered by other
authors, whereby the same coefficients might be computed with
less labour; the best of which, that I have seen, appear to be
those that were pointed out to ‘me by Dr. MASKELYNE, in-
vented by M. DE LA GRANGE, and published in the Memoirs
of the Royal Academy of Sciences at Berlin, for the year 1781.
Yet, the calculation of the two first coefficients, A and B, for
the perturbations of Mars, Venus, and the Earth, by his me-
thod, is not shorter, if it be so short as by my method, to the
investigation of which I now proceed.

PROBLEM.
2. To determine the values of A, B, C, D, &c. in the equation
= ——=2% (A+4B.cos. 2 +C.cos.2z2+D. cos. 3z, &¢.)

(a—b.cos. z)"

z being the arch of a circle of which the radius is 1, and b less
than a.

First, to find the coefficient A.

3. The fluent of the right-hand side of this equation is A »
+ B.sin.z41C.sin.2x4 1 D.sin. gz + LE. sin. 42,* &c.
which evidently vanishes when x=o03; and, when z=g-14159,
&e. the arch of 180°, it becomes barely == A z, the sines of z,
2%, 8%, Jc. being then each == o. If, therefore, the fluent of
the first side of the equation be taken, the increase of it, while
% increases from o to g+ 14159 &c. ==, will be = # A; and,
consequently, A will be determined.

¢ See M. EvwLer’s Instilutiones Caleuli Integralis, Vol, L. p. 150.
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£

» we have (a—b . cos. )"

4. Now, to ﬁnd the fluent of

—_—
{a—b . cos. z)"
—_—

T v (1—z2) (a—bx)"’ z
expressions, while z increases from o to g-14159, x will de-

being put = the cosine of z; in which

crease from 1 to — 1. Therefore, to obtain a more convenient
. —b .
expression, put vv.—:“——f; then, while x decreases from 1 to

at+b

=1 and we shall have

— 1, v will increase from to

the fOllOWlng equations :
a—br= (a+b) VU, (d-—bx)”—-(a-{—b)"v“ xza—'(a-l—b)vv,_

(a+4b)2vv, a-—(a+b)1m a+b-—(a+b)v'v a+b
= 1-|—x-—1+ = 5 (1—vv)
— g a—(a4blvv __ b—-a+(a+b)v'a a4bd b-,a —
1= =1=—= b = b(a+b+'””)—-
a+tb a—by a+b —
——(vv— a+b) (vv—cc), cc being put = ——-—+b And from

these equations, the three following are easily obtained, viz.
V(1+z) V(1=2)= \/(“er (1--zm)) X J(——— (vv-—-ce))
=“';b J((1-——vv) (v v——cc)) ; and,

- (a+b)zv:v b 2y

vi{t—azx) ™ b (a+b)v((x—vv) (vv—cc)) v (1—0)y (3v—cc) >

D - — 200
V(I—=zzx) (a—bx)* ~ (1 —vv) s/ (vv—cc) (a- b)v*n
.(a+b)’" (I__f}:)’:/ (:"v = the fluent of which may be found
when the value of # is given.
5. Now, the values of » with which astronomers are most
concerned, are 3 and £. Let, therefore, % be written for z, and
the radical quantity \/(1—vv) be converted into series, and

the last expression will be

and, lastly,

an——n
—

ve
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‘w8 s
=(a+b) 2><V(2Z.’.’.n>( +5 I+ 5+ 805, )
-3 2"U'U
=(a+4b) = x V(”""”) .
+ (vv-—cc) ( + 3”” + 3456 + 34567;' ’ 69’6')
And the fluents of these several terms, without their coeffi-
cients, are as follows :

— (vv—cc)

fV(vv—cc) ccv ;
_ v/ (vv—=cc) |
f —r—s =HL. . =a;
v v* _ Vvv—cc)vtcca __ e
fv(vv—cc) - 2 — ©»

f > vt v (vv—cc) vi43cc6
v(vv—cc) T 4 =7
f b p8 W/ (vv—cc)vS45ccy 5
V(vv—cec) T 6 -
&e.

These fluents, being multiplied by their proper coefficients,
and collected together, and the whole multiplied by the com-
mon‘factor (a+ b)—%, the fluent sought will be

24/ (vv—cc)

ab-% ccv
CED TN pap et 3,4 23200

6. We must now mqulre what value this series has when

. . . fe o @ — b . . .
z = o; in which case, r being =1, vvis= 75 =cc. And
it will appear that, with this value of vv, every term of the se-

ries vanishes, so that the fluent needs no correction. If, thet_’e-
fore, we compute the value of this series when 2 == =, i. e. when

L=—=—1, and vv = z i Z = 1, we shall have the value of A,
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and consequently, A will be determined. But, with this value
of v, the terms &, v, 4, Fc. lose all convergency by the geo-
metrical progression v, v°, v°, &c. and the computation of the
value of the series, by the common method, would be more
laborious than the computation of the quadrantal arch of the

circle, by the series 1 4 ;3 + 21-5 + 2‘2:2_7 , &c. Here then

we are stopped. But, by contemplating this series, expressed
in terms of « and ¢, as it stands below, a very different method
of obtaining the value of it is suggested.

7. 0= o )
3 3w (1—co) | 3cw
=
35 __ 354 (1—cc) 3.5.3CC4/(1—cCC) 3.5.3 C*a
467 = 4.6.4 +4."64.z +464.z
3-57 » __ 3574/ (1—cc) 3:5.7.5cca/(1—cc) | 3.5.7.5.3 c*a/ (1—cc)
4.6.8 = 4.6.8.6 + 4.6.8.6.4 T 4.0.8.6.4.2 @C
$:5:7:9  __ 3:5:7-9 ¥/ (1—cc) + 3:5-7:9-7¢c4/ (1—cc) + 3.5.7:9.7:5 ¢*/ (1—cc) ,&5¢.
4.6.8.10 " 7 4.6.8.10.8 4.6.8.10.8.6 4.6.8.10.8.6.4
Ge. &e. &e. &e.

Here it appears, 1st. That the geometrical progression 1, cc,

¢*, &c. has place in the first, second, third, &c. columns of
quantities on the right-hand side of the equation, the terms of
which, when b is nearly = 4, decrease very swiftly.
- edly. That, in the diagonal line of quantities in which « en-
ters, besides this decrease of the terms, by the literal powers
before mentioned, the numeral coeflicients are so simple that
a considerable number of the terms may quickly be com-
puted.

gdly. That, if this d1agonal line of quantities be taken away,
the first, second, third, &¢. infinite columns of quantities which

MDCCXCVIIIL, 37
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remain will have the literal factors /(1 —cc), ccy/(1=—cc),
¢/ (1—cc), &c. respectively, which are in the progression
before mentioned.

4thly. That, if the sum of the infinite series of numeral co-
efficients below the line, in each of these columns, can be ob-
tained, then the original series, which had lost all convergency
by the literal powers v, v°, v°, &¢c. may be transformed into
two others, in which the literal powers will be c¢, ¢*, &c.

8. But the sums of these infinite series are attainable, and
are as follows :

3. 3.5 357 3:5.7.9 o
4.2 + 446.4 +  4.6.8,6 + 4.6.8.10.8’ . is
=14+ H L. 2 =2

353 3.5:7.5 3.5.7.9.7 3.5.7.9011.9 :
4.6.4.2 + 4.6.8.6.4 + 4.6.8.10.8.6 + 4.6.8.10.12.10.8° e is

=—l—l 7HL2-—‘u,

3-5-7.5-3 3-5-7:9-7-5 3.5-7-9-11.9.7
4.6.8.6.4.2 4.6.8,10.8.6.4 + 4.0.8.10.12.10.8.67 . is

17+51HLz_ %
04 ="

&e. &e.
But these three sums are as many as are requisite, when the
perturbation of the motion of either the Earth, Mars, or Venus,
by the attraction of any one of the other, is to be computed.
9. The sum of the coeflicients in the first, second, and third

columns in Art. %. being now obtained, take 5 ° o for the

value of the series @ (1 4 2 4 2= Z, . ) Wthh will be

exact enough for the purpose, and we shall have, by Art. g, 5,
6,7, and 8,

* See the Appendix.
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24/(1 —cc)
cc

ﬂA:(a-l-b) x» +-§%:—g-m
LA/ (1—cc) Fpce/(1—ce)Fvety/(1—cc);

and thence, by a more commodious arrangement of the terms,
and dividing both sides by =, |

(8 —z2cc
A= % 18—51:.0“
”(a+b)? 1""‘\/(1—66) (E?E 4+ A pee + uc‘)
10. The value of A, when # = 2, being now found, let us

next investigate the value of it when n = $; which, for the
sake of distinction, in a use to be made of it in a subsequent
article, I denote by A'.
By writing £ for z in the fluxionary expression obtained in
"5 . zovuTd .
Art. 4. we have (a 4 b)* x I TETTIWVICTETL which, by
converting the radical quantity 4/ (1— vv) into series, becomes
AN vy 3v* 3.5 v° 3.5.7 ¥®
(a + b) X (vu — v (VU —cc) ( + + 2.4 + 2.4.6 + 2.4.6.8° E‘D')C.)
r 20UT4 Ty—2?
v (Vv —cc) + v (Pv—cc)
35w 357t | 3.57.97° )
L+4/(vv-—cc)( + 4.6.8 +46810 Y.
Now, the fluents of these terms, wnhout their coefficients,

are as follows:
-

f R s Mvv—cc) + 2 4/ (V0 —ccC) |

v (vv —cc) 1§ = 3ccv’

= (a+b) "x

3 cty ?
v v—co),
V(vv-—-cc) - ccv ?
—_— v+ (v —cc)
V(vv—cc) = H. L. T =)
vt V(v —cc)vtee
Vv—c = — z +2°% —¢; and the rest

as they are exhibited in Art. 5.
g7 2



540 Mr. HELLINS's improved Solution of

These fluents being multiplied by their proper coefficients,
and collected together, and their sum multiplied by the com-

mon factor (a 4 b)-%,‘ we shall have
"2 V (Vv —cc) + 4 4/ (vv—cc) + &/ (VU =)

3¢cv 3¢ty cecv

ot}
(a+b)"x .
| 1+%w+%¢+%%%y+f%?;&@a
which fluent needs no correction, since, when v = ¢, the whole
vanishes. The value of it therefore, when v = 1, willbe = A’,
which is what we want; and, in obtaining it, the only difficulty
is, to compute the series in which e, €, 3, &c¢. enter, which
may be overcome in the manner shewn above in Art. 7. For

the value of this series, when v = 1, will be as follows :

11, £ a== S
35 0 35 v (1—cc) 3.5¢C
46 T 4.62 4.6.2
3:57 o o 3:5:74/(1—cc) 3573 cCa/ (1=c6) 3:5.7:3¢a
+68 Y= 16.84 + 4.6.8.4.2 + 4.6.8.4.2
3:57:9 & ___ 3:5.7:94/(1=cc) 3.5.7.9.5¢C4/ (1—cC) 3.5.7.9.5-3c%y/ (1—cc)
4.6.8.10 § = 4.6.8.10,6 + 4.0.8.10.6.4. + 4.0.8.10.6.4.2 » @e.
3:5.7.9.11 __.3.5.7.9.11\/(1——00)’_‘-3.5.7.9.11-700.\/(‘1—-00)_'_3.5.7.9.1!.7.50‘V(1—CC)~ &e
4.6.8.10.12° T 4.56.8.10.12.8 4.6.8.10.12.8.0 4.6.8.10.12,8.6.4 3=
&e. &e. &e. &e.

Here, by attending to the same things which were observed
in Art. 7, we may easily obtain the values of as many of the
infinite columns of quantities on the right-hand side of the
equation as are wanted; which, for the planets Mars, Venus,
the Earth, and some of the rest, are but three.

‘12. The value of the series, of which « is the factor, viz.

: 3.5¢c¢ 3.5.7.3 ¢* . . s .
o (% + i T e Es’c.), will be obtained sufficiently near

96 —23¢¢
128 — 84 ¢c

what more exact than the three first terms of it; and the infi~
nite series

for the purpose, by this expression, «, which is some-
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3.5 357 3-5-7:9 3:-5.7.9-11 .
4.6.2 + 8. + 4.0.8.10.6 + 4.6.8.10.12,8? . is
=:—96'+—3'H.'L. 2 =23

573 4 38795 4 3ST9ILTgp g

4.0.8.4.2 4.6.8.10.6.4 4.6.8.10.12.8.6
=79 1.1 —r
-——192 H.L.2——{&9k
3.5-7.9.5-3 3.5.7.9-11.75 5:7.9-11.13.9.7 :
4:0.8,10.6.4.2 + 4.6.8.10.12.8.6.4 + 4. 8.10.12.14.10.8,6” &e. is

. 4067 329
T 12288 512 H.L.2=

We therefore now have %%—%3:% +X'V/ (1—cc)Fp'ce/ 1—--cc)
+v'c*/(1—cc) for a near value of the infinite series-i— a 4
3¢ 21y, o

13. Having thus obtained a sufficiently near value of the in-
finite series which entered into the fluent, in Art. 10, we have
only to add to it the three radical terms there found, v being

put = 1, and to multiply the whole by (a+b) 3, and we shall
have

24/ (1—cc) + 44/ (1~—cc) + V (1—cc)
ct

3cc ce

=(a-b) 3 x ﬁ+ b—z3cc

128 — S4cc

VS (1—cc)Fplce/ (1—cc)4v' et/ (1—ce)s
which equation being more concisely expressed, and divided
by =, gives

96—23¢ce
’ e 1 128 —84cc

m@HDET ) ) (%ﬁ F N pee /et

* See the Appendix.
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Secondly, to find the Coefficient B.
14, Multiply the equation in Art. 2. by 2 cos. x =2 x, and we

shall have———— T b o

x €os. 2z 4 D x 2 cos. 2 x cos. 3%, &¢.); which, because 2 cos.z
X COS. mz is == cos. (m — 1) % -} cos. (m 4 1)z, willbe = =
(2A.c0s.2 4 B(14-cos.22) 4 C(cos.x 4 cos. g %) + D (cos.2%
-+ cos. 4 %), &e.)* And, by taking the fluents, we have

Sy =2A.sinx + Bz+4B.sin.ozC (sin. 24 sin 32)

+ D (£ sin. 2% 4 Lsin. 42), Se. ; which equation, when %z =

=% (Axe2cos.g+Bx2cos.zxcos.z +C x 2cos.z

314159, . ==, becomesf( o = barely B = B =, the
sines of 2, 22, 82, &¢. being then = o.

15. Now it appears, by the notation in Art. 4, that ——---(a L

—2n

— Z’UTI
=V(1—xx) (a—bax)" = (a+b) X (1—vv) 4/ (vv—cc)? and that r =
.‘.’."_“%"_b )72 we therefore have, by proper substitution,
223 —2x% . 2a 20yt 2" ']
(a—bx)"—'_"' vV (1—x2) (a—bx)" ™ b(a+4b)* X v/ (1—vv) 4/ (vv—cc)
—2 240872 r’

b(atb)" " x & (1—vv) & (vv—cc) J
of which two fluxions the fluents may be found, when » has

any particular value.
16. First, let #» be 2; then the last expression in the pre-

—2
22 29y . 2

b(a+bj3 * v (1—0v) 3/ (vw—cC) b(a+b)~%—
Now, the fluent of the affirmative part of this

ceding article becomes
29

& (1—vv) v/ vo—cc)

expression is evidently = 3bf’- x the fluent of the fluxion in Art. 5

# See Simpson’s Miscellaneous Tracts, lemma L. p. 76.
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that is, = Aqr, and the negative part by converting ./ (1—wvv)

—_— vy 31;‘*
mto series, will become ot X (w__w) (14 5+ +

&c.); the fluent of which appears, by Art. 5, to be

246’

37 | 3 53 3:5-7¢ ‘whi . .
. ill va
ba +b?( a+E+ 7+ 5 + %5, &), which will vanish
when v =¢, and therefore needs no correction; and, when
v = 1, the series, without the factor, will be as follows :

a=—2w

__4/(1—6_(:_)— cCa
£ X2 + =

v (1—cc) 3 ccv(l—cc) 3:3¢%
é__.____. Rl I

3
2V= 4402 ey
3. sv(r—cc) 3.5.5cc/ (1= cc) 3.5.5-3¢*y/ (1—cc)
3 4.6.6 +4.6.6.4. + 4.6.6.4.2 @(’.‘
357 3574/ (1—cc) 3.5.7.7¢€ 4/ {1=cc) 3:5:7.7-5¢* &/ (1—=cc)
16857 16838 + 46.5.8.6 + 4.6.8.8.6.4 , Ge.
&e. &e. &e. &e.

Now, the sum of the infinite series

—+44+ 466+ 4{2;?8’ Cs’c.being::zH.L.z:p,

3.5.5 3-5.77 3.5-7-9:9 ine —.3. —
4. 4.2 + 46.6.4 + 4.6.8.8.6 + 4.6.8.10.10.8 Ge. being = 2 H.L.2=r,

3:5:5°3 3-5-7-7-5 3:5-7:9:9+7 3.5:7.9.11.11.9
f4.66 4.2 + 4.6.8.8.6.4 + 4.6.8.10.10.8.6 + 4.6.8.10.12.12.10.8’ G

LA B 11 —_
__64+32H.L.2_-r, Ge. &e.

By proceeding as above, in Art. g, a sufficiently near value
of the whole series will be obtained in this expression,

312({_-_""‘%?:‘; a4 /(1—cc) (p 4 occc 4 7¢*); and this, multiplied

by its proper factor, gives
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32 —10cC
: =2 : X{ 16—gcc %
(a+ )z + v/ (1—c¢c) (p+ occ 4 r¢*) for the other part
of the fluent sought. And since, by Art. 14, this fluent is
== B =, we have, by dividing both sides by =,

’ 32 —10¢C
B=22A—->2—— ]850 *
b wb (a+b)7 "
4+ (1—cc) (p+ o cc 4 7¢*), which
is its value when n = 2.
17. We are next to find the value of this coefficient, when
== £ ; which, for the sake of distinction, I denote by B'.
With this value of #, the fluxionary expression in Art. 15, be-
22 o 2oy % — 2 % 20w
blatb)s ~(1=v?) &/ (vv—cc)  blatb)i v (1—v0) V(vv—w)
which being compared with the fluxions in Art. 5 and 10, it
will appear that the fluent of the former part, when v =1, is

comes

= -zf- Az, and that the fluent of the latter part is = -'-'b—f- Ar;
which fluents, taken together, are, by Art. 14, = B’'#. There-

fore we have B =23 A'— A=+ (A’a—A),

Thirdly, to find the Values of C, D, E, &c.

18. The values of the coefficients A and B being now found,
corresponding to the values of z 2 and £, we might proceed in
the same manner to find the value of C For, if the equation
in Art. 2, be multiplied by 2 cos. 2 %, and cos. (m—2) z +
cos. (m 4 2) z be written for 2 cos. 2% x €0s. 7.3, it will become

2X20052%  — % (2 A x cos. 2 + B (cos.z + cos. 32) +

(a—b % cos. z)*

C (1 + cos. 4%) 4 D (cos. 2 4 cos. 57), &c.) And the sum
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of the fluents on the right-hand side, when z==, will become
barely Cz = C 5. Therefore, the fluent of the left-hand side

— % (4x x—2)
(1=2z) (a—bzx)*?

of the equation, when z = =, or of = when.z=1,

oftaa=2bb—8alatb)votelatb)et A
bb(atb)r vV (1—vv) 4/ (VU—cc)
v=1, will be = C». The fluent of this fluxion, it is evident,
will consist of three parts, the first and second of which, # be-
ing = 2, are obviously attainable from the values of A and B
above found in Art. g. and 16. ; and the third in series similar to
those which have been given in the former part of this paper.

It is evident also that, if n be = £, all three parts of this fluent
are attainable from the values of the two coefficients already
found, and C would be = — 2A’ 4 -z— (B'a—B).

19. And in this manner may the other coefficients, D, E,
F, &c. be determined. And since the cosines of gz, 4%, &c.
are = 4,2’ — 3, 8 *— 8 x*+} 1, . respectively; and since

. z_—__(_c_z_+\b) vy

- b
into which the fluxion in the preceding article is to be multi-
plied, will be always of this form, viz. p-4-qvv4rov*4sv°, &e.;
from which it follows, that, if the values of A/, A, fx, &e. cor-
responding to n, n—1, n—2, &c. be \computed, the values of
C, D, E, F, and all the rest, may be found in terms of A’ A,
A, &c. with the coefficients 2 and b. But, since the easiest
method, that has come to my hands, of computing the values
of C, D, E, &c. after A and B are found, is explained in M.
EvLER’s Institutiones Calculi integralis, Vol. 1. p. 181,* 1 shall

when

or

, 1t is evident that the numerator of the fraction

* The coefficients 2, 3, and 4, after 2C sin. 3D sin. and 4E sin. in line 8 of the
page above referred to, are wanting; and — is printed for 4 before 2 C, in line 13.
And there are press errors in many other places. It is to be regretted, that so excel-
lent a book was not more correctly printed.

MDCCXCVIIIL, 4 A
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‘not pursue this method any further ; but, having examined his
process, and corrected the errors of the press which occur in it,
now give the equations éxpressing the values of C, D, E, F, &e.
which were obtained by that method.

20. For the sake of brevity, let -~ ==d; then will the general
values of C, D, E, F, &c. be expressed by these equations :

C — zni:de

D= (4B 400

E — (n+223:6dD

F— (n+_:,1)l)5—8dE
&e.

where the law of continuation is very obvious. And the parti-
cular values of these letters, when zn =1, 3, and £, will be as
expressed in the following columns :

n=1 n=23 n=3
C=42B_4A |4-B~-6A |—4dB+410A
D=-c—-4iB |2°Cc—4B | Cc—IB
E_-.i.;_‘iD_.g.c ’Z_"D--—:-C ‘;"D_-g’-c

21. The solution of the problem being now finished, it may
perhaps be satisfactory to the reader to see how the sums of
the very slowly converging numerical series, which arose in
Art. 7, 11, and 16, were obtained ; the investigations of which,
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because they would have detained him too long from the im-
mediate subject of this paper, if they had been inserted in it,
are given in the following Appendix.

AN APPENDIX TO THE FOREGOING PAPER:

In which the Method of obtaining the Sums of the very slowly
converging numerical Series which are used therein, and of
many others of that Kind which arise in the Fluents of Bino-
mial Surds, is explained and illustrated ; and some Observa-
tions, tending to facilitate and abridge the Computations of
the Coefficients A and B, are added. ,

1. As the sums of the very slowly converging numerical
series, which arose in Art. 7, 11, and 16, of the preceding paper,
are not exhibited in any book that has come to my hands, and
as series of that kind frequently occur, I conceive that the fol-
lowing method of obtaining their sums will be acceptable to
the lovers of mathematics in general, and particularly to those
who have frequent occasion to use the sums of such series.
And, having observed, while considering the literal expressions
in the preceding paper for the values of A and B, that others,
no less accurate, might be derived from them, by which the
~arithmetical operations would be facilitated and abridged, I
thought these observations might likewise be acceptable to those
who are engaged in the theory of astronomy, and have inserted
them also in this paper; which, therefore, consists of two prin-
cipal parts, the summation of the slowly converging series, and
the observations now mentioned.

4A 2
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1. The Summation of the slowly converging Series.

2. But, before I begin the investigation, it will be proper to
premise a few particulars, an attention to which will shorter:
and facilitate the operations now to be performed.

1st. That =¥ (=) being = —v (1 —y3) 1+ v (=yy)

T+ v (1—y)) T+ v =y X T+ v (-5,
is = ( 1_-_&7%:}—5 ", from which it follows, that H. L. of
1— /(1 —9y) y
P4 /(1 —0)) is = 2 H. L. T4+ v (1=yy)

LA T R
edly. That the fluxion of H. L. T S = 5Ya T
_ -;— For it is = the fluxion of — H. L. (1 + v (1—y y))
=2 -
= =55 X T v(l —5 “and, if both numerator and de
nominator of this expression be multiplied by 1 — /(1 — yy),
- ey L i—yy) s
it will become T % 5 , Which is = WS
—_
"

gdly. That the H. L. —— — is therefore =

-
1+v(l ) yv (1=3)
‘ Yy 30 38)° 3-5.79°
-_f;;—'—— ;_z-+ 2.4.4 + 2.4.0.6 + 2.4.6.8.87 Ge. ;

4thly. That, Q being put = /(1 —yy), the fluxion of

Qi — J [ =n n—1 or it Wi L Q
== will be = Q(y,,_i_, + 5=%). Forit will be = — s
=y _ —J ny (1—yy) _ —mnjy +(n—-l)y
oy QL QT y= T ¥yt "'"y”'l"Q y—=rQ

=glF+ =)

5thly. That, when any quantities, as l it (3{,—; + 5%- + b)

>

are circumscribed by a parallelogram, it denotes that a substi~



a Problem in physical Astronomy. 549

tution for these quantities has been made in the same equation
in which it occurs, and consequently that they are no longer to
be considered as part of that equation. This I have found to
be better than cancelling, as it answers the same end without
obliteration.

We may now proceed to the summation of the series before-
mentioned, in which the utility of what has been premised will
quickly appear.

3. As it does not seem necessary to set down the operations
of computing the sums of all the series which arose in the pre-
ceding paper, I will make choice of the summation of those
which occur in Art. 11, they being the most difficult, as the
properest examples to illustrate this method.

. . 25y _._5_‘. e o —§
It is well known that the expression Ty s =2J)
—3

2jy 2.35y " 4 23.55) 2.3.5.75%° 2.3.5.7.95 y°
+ 2 + 2.4 T 2.4.6 + 2.4.6.8 T 2.4.6.8.10 " Ge.
-
'V

from which equation we have

(,___'y—y)- — 2yy T — Jy I —

o w1 . V
39y — 3 Syy 3.5.799° 3.5-7.93¥°
3 + 6.8 + PNRHTS , &c. Now the fluents of

—v (1=yy) _ 3¢/ (1—py +3HL y

the terms on the 2 y* 4y 4T ()
first side are 1 3 !
-2 “H.L.——————;
T Zy" T w! }_If_f_"'_ L 1ty (1—y)”

v : ; 3599 4 3579 4 3:5.7:00°
on the second side, the fluents are P AW i BW TN

&e. And, to find whether these two expressions are = each
other, or have a constant difference, we may compute their
numerical values, y being put =—any small simple fraction,
such as 5, vo5 OF 1555 either of which values of y is a very
convenient one for the purpose. But an easier method to dis-
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cover the constant quantities which lie concealed in some of
the terms on the first side, is to convert that side into series, by
the binomial theorem ; which will then be as follows:

_.s/(;—yy) _4+ Ly=2 Lyt o594, G

-—'3‘1§-}‘yy’= —337 3 kY s e

+zy4 +-zy—y'= 2y-_4+ 2y—2

+3HL1+V(I—yy) —3H.L.e 47 y+128y &e.
Thesumis = =x *x +{—3iHL.2,4%y"+35%) 8.
which evidently differs from the series on the second side by
the constant quantity ;- — 3 H.L.2. We therefore have, by

subtracting this constant quantlty from the first side,

=/ (1=yy) 34/ (1—3y) 3H.L. 1
2y* 45y T3 l+«/(1-—yy) }_:g;gg_y__‘_g-_s-_zﬁ_l_a-m-wﬁ e

1 1 , 7 T 46.27" 4.6.8.4 " 4.6.8.10.4°
+ zy4 + 2yy - 16 J .
which, when y becomes = 1, becomes
3
*  x +3HLe + 257 4 3579 g
+%+_______l+____ = 4.62 4.6.8.4 4.6.8.10.6 ? :
which is the series denoted by A" in Art. 12. of the preceding

paper.
4. If the equation of fluents in the preceding Article be di-

vided by y, and if l—%—: —2— y be then taken from both sides

of it, and % be written for H. L. —— = Ve shall have

1+x/(I —J)y

et S ) 3«/(1-yy)+3zﬂ
E 4y 57y+3-5-7-9y5 +3579ny &e.

I 7 5y 4.684. 4.0.8.10.6 4.6.8.10.12.8’
+ 2y’ + zy3 16y 16J|
And, if this equation be put into fluxions, and Q be written
for o/ (1=yy), for the sake of brevity, there will be
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5 9 . _3 ]
zy"+4y‘*+4yy\ J + 34 | __ _3uj
4 6 { Q 4y 45y

' 7 .
5 3 T %5 5 \ e 3-5.7:3530 3-5:7.9.5 5 y*
(=t =) +

2z 5 3 16 T 4.6.8.4 4.6.8.10.6

— S———cnane

45

3.5.7.9.1L.775° o
+ 4.6.8.10.12.8 » e

And this equation, more concisely expressed and divided by y,
gives
(5_1_1__3)}__31!}
S A ST
=5 3 5 5 ) 3573)Y y 35.7-9:559° 4 3.5.7.9.11.75°
-+ ( 2y’ 295 1693 16y )}’ T 4.6.8.4 +4.6.8.lo.6 4.6.8.10.12.8 .

Now the fluent of the series on the second side of this equation
is found, by the methods which have been long known, to be

3:5.7:39Y 3-5:7:9-59* 3:5.7:9:11.7° :
4.6.8.4.2 + 4.6.8.10.0.4 + 4.6.8.10,12.8.6 ’ &e. and the fluent of

the terms on the first side will be very easily obtained, by the
following assumption, and attention to what was shewn in Art.
2. of this paper.

For the fluent of the terms on the first side of this equation,
assume

a b
(5t 5+ Q+u(E+2)
+ j; + <+ 5+ sH.L.y; then will the fluxion of this

expression be

7w | [ e

za 3b v
+5 et ST _2fu
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—6p  4q 2r
+HF -5+

S

s

—

Y 4 4, which being put = the first side of

o St p— t— et

yS

y %

the foregoing equation, there will arise as many simple equa-~
tions for determining the coefficients a, b, ¢, &¢. as there are
letters of that kind in the assumed fluent, from which their
values will easily be found. For there will be

62 = =%, from which a =2,
4b=s5a—1, =5
ec=gb+f+ % ¢ =5
ef =3, f=—%"
g= -~ g=—;53-.
6 =1, b=t
49 =15 7=
or =+ —/, ""‘_;;’
S=g._._15_6_, s§=o.

The variable part, therefore, of the fluent of the first side of the

above equation is

Q = ——L-—
12y° 12 y*

5 ). 35
16yy)+u(8yy+ 16)
1

5 3
+ 12 y° + 8 y* -

32yy

Now, to discover the constant quantities which lie concealed in
this expression, we must proceed as above in Art. g.
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'_5*/(1—.')’.'}’) ...5+ —4 —s + + &Fe.
xzy 1z y xzzy + 12, S-y JREED 16 12816y *
=7/ (1=yy) __ - —
124 - -_——_ t4 xzzy + 128 + ”16_)1,6996
=54/ (1=yy) __ — i _S5 2
16yy - "'"“1‘3")’ + 16.2 + 168 -y’&oc’
5 Vs 3
oy +Ht= + o+ e G
To which add the 5. 64 3 .
2. 4p— A e 2
other terms } TRt s 327 ,
Th . . 67 105 2 6996
e sum is * * * 4 ™ + T 96

which exceeds the series above found, by the constant quantity
_]?.7.2... We therefore now have

-5 7 5 : 5
Q( 12y° - 12 y* - lbyy) + (Syy 16 )

5 3 r 67 __ 3:57:3Y 3:5-7:9-59%
+ 12° + 8yt 3zyy 19z . 4.6.8.4.z + 4.6.8.10.6.4 +
3:57.9.11.7)° . __ .
w68i01ss0 S¢-5 and when y becomes == 1, Q being then

== 0, and # = H. L. ¢, this equation becomes
HL.2( +‘56)L HH.L.Q}
5 3 .1 67 79
+E+———_z'_r§-z ‘ +192

which is the value of 1’ in Art. 12. of the precedmg paper.

—_8573 35795 , 3579117
- 4.6.8.4,2+4‘6.8.w.6.4+4 6.8.10.12. 86’65

5. If the last literal equatlon be divided by 9, and < 65 87 43:
= ;:’iy be then taken from both sides, we shall have

Q (!:ys’v— !Zys - réy’) +u ( 8y° +3 16y )L

N S T R N 67  __ 195y
127 8y5 .32y 192y 512

* u(—i—..‘.%) (—yy+—-y4 E‘;‘"c) (-—8—)/"'2-{-1—56). See Art. 2.

"MDCCXCVIII, 4B
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3-5.7-9-5%° 3.5.7.9.11.7 %° 3.5 7.9-11.13.957
4.6.8.10.6.4 -+ 4.6.8.10.12.8.6. + 4.6.8.10.12.14.10.8 7 &e.

which equation, in fluxions, gives

57 75 5-3 ' . [ 3 5
1258 12y 1 16y* ' L + u ('§3.T' + TE}")
sz |\ _J

5.6 74
125° 12y% 16yy I’Q'

3 95
+8y4 + 16yy J

ST (R A% o4 67 _ __ 105
1238 8% 1 32yt 192yy s1z | .
: 3 5 V=

- 8yt 16yy
3.5.7.9:5.3 55y +3-5~-7-9-n-7-5y'y4 + 3-5.7-9-11.13.9.75 ¥ &e.

)

v 9 N 5

4.6.8.10.6.4 4.6.8.10.12.8.6 4.6.8.10.12.14.10.8
And this equation, more concisely expressed, and divided by y,
gives ‘

J (35 5 49 S5 Y _,a(0 5
(L( 12)° + 12y7 48y° 16y3) uy ( 3y’ + x6y3)
of 35 15 9 7 __los)._
-_-l-_y( 12y 8y 32y5+!92y3 sizy |
3.5.7.9-5:35% 3.5:7.9.18.7.5 §5° 3:5.7.9:11.13.9.7 j 3°
4.6.8.10.6.4 + 4+6.8.10.12.8.6 + 4.6.8.10.12.14.10.8 &e.
Now the fluent of the fluxionary series on.the second side

3:5.7.9:5:399
4.6.8.10.6.4.2 +

3.5.7.9.11.7.5y*% 3.5.7.9.11.13.9.7 3°
4.6.8.10.12.8.6.4 + 4+6.8.10.12.14.10.8.6” &c. we are next to take the

fluent of the expression on the first side, and to correct it, that
it may be = this series; which may be done as follows:
~ For the fluent sought, assume

a b .¢ d I . g \
Q(y°+y° +y"'+yy)+u(7_ 757+b)
+ ﬁa -+ Zo + ;,, + ysy_ + ¢t H. L.y, and take the fluxion-

of this expression, which will be

of the equation being obviously the series
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-8 6b 4¢ 2d

y9 — y.’ — ys -,- yz ‘+u y4- + +b) »
7a 5b 3¢, al
+y7+ys +y3 +y Q u(_if__l__z_g_'_)
K y 5 y3 .
+...f_.+_$___ b 4
»® 3 y
—8p 6q - AT 2s +_
+( » y oo }” » y; and these fluxionary terms
_& _ 5
» »? y

being put = to those on the first side of the preceding equa-~
tion, there will arise

- . —35
8a=7=2%, from which a=-32-
— =95
6b=7a—";5'2', b= 2.8.12°
—_ =75
40__5b+f+48, ¢= 38
d__i ~103
2d=30+g+,‘5: — 7888
—_ f____9__
4tf 'é' — 32
5 —_ 5
28 =10 §= 32 °
— 195
b:—""—'d, b—- 8.8.8’
35 — 35
8p =1z p= 8.12”
15 —_ 5
69"'—“::8_’ 9= 76>
4,r=39;- , r=o,
' — =37
25—'— 192 __g’ §= 4..8.[2,
—10§ —_
t= T + b, t=o.

4B 2
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Our assumed fluent, therefore, is
Q ( =35 .95 ___75 1o ) + u ( + 105 )
8. lzy" . 12.:-6y6 488y  8.8.8yy 32y* 3zyy 8.8.8

.37 . .
+ 5 ,zys + ,6y ¥ =y B which may be cor-

rected in the manner shewn in the two preceding Articles, or.
more expeditiously, as follows.

It is pretty evident, from the correction of the fluent in the
preceding Article, that the constant quantities which lie con-
cealed in this fluent, will appear in those terms only, (when
the radical quantity /(1 —2y ), and the logarithm #, is ex-
pressed in series,) in which the index of y is o. Thus, the con-
stant quantities will appear as below.

The sth term of =2 5,;./ l(zly—gyy) is 3?,52 % gs,%_y = 4.121.7156.16;
The ch term of “9;52«/1(61;3’3') is 13516 % 1‘6)'2;6 = 12.?2.16 Z
The gd term of - 754{;‘;?” is 4785 5 X 8?;4 =L
The ad term of ZSEYU=I) jo 295 o 2 s,
and the terms in which the index of y is o, in the logarithmic
part,viz.-( ¥y + 25 0 e ) (Z.’?'é“y—4+ ;,’5;5)’_2-]-%:
are these two, - T 1267 ly(, 7= 4‘1267. )
and Sigzy = 8516 *

The sum of these six fractions is — e 9 . The equation of fluents
therefore is
—35 95 _75 195 9 5 105
Q ( 812y !2.163’6 16,16 y* 8.8.83!3:) + u_ (3zy4 T 32y + 8;8.8)

37 1023
+ 812y8+ 1éy * T 4.8.a2yy 4096

= the series




a Problem in physical Astronomy. 557

3.5:7.9:5-39y 3:5.7.9.11.7.59* 3.5.7:9-11.13.9.7 5°
4.6.8.10.6.4.2 + 4.6.8.10,12.8.6.4. + 4.6.8,10.12.14.10.8.67 Ge.

which, when y = 1, becomes

HL 2 (Z4+2 4505 | s o o WL
35,5 37 123 (= 12288 T sz o 2
+T st T TG T e
— S SR M i
the value of /' in Art. 12. of the foregoing paper.

These three examples, I conceive, are sufficient to illustrate
this method of summing the slowly converging numerical series
which arose in the. solution of the problem in the preceding
paper. The three series of which the sums are now investi-
gated are, as was before observed, the most difficult to sum of
all that arose in that solution; so that, whoever understands
what is done here, may, with great ease, compute the sums of
the rest of the series which are found there, and of many others
of this kind, which arise in the solution of problems.

I, Observations, tending to facilitate and abridge the numerical
Computations of A and B in the preceding Paper.

6. The radical factor /(1—c¢), in the literal expressions of
the values of A and B, may be taken away, by multiplying the

. . . s .
other factors by its equivalent 1 — f—zf — —08— — =, &e. in con-

sequence of which, other expressions will be obtained, better
adapted to the purpose of numerical calculation. This will ap-
pear by the following operations.

The product of /(1 —cc) x the other factor in the ex-
pression of the value of A, in Art. g. of the preceding paper,
will be
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5;'+A+pcc+vc"

cc c* c®
1.—-—2--—— _8—' —"“1—6, @60

;22-{—7\—{— peec+  ve*
— 1—ZACC—Fuc '>=cic+e+fcc+gc‘,€9’c.

—L cc— LIacty
—_— .;_ ct
wheree, f,and g,are =a—1, p—Ia—Land y—Lp—Ir—1,
respectively ; in numbers = o0-19314%2, 0°1036802, and

0'068%7064, respectively. And this expression, which is evi-
dently more simple than the former, is somewhat nearer than
that to the value of the whole series, as will appear to any one
who shall compute the value of the next coeflicient.

7. In like manner, the product of the two factors in the
value of A/, in Art. 1g. will be

St gt e

6 8

cc ct c

1 = o e — 2, e
4 5 ' oo /4]
ryaie vy s S A S
;:c _%'— _1;'}\,“ - ':E'V"C4
_.-‘}-_2-54 cc — ¢t f:s—‘i-&+z';+b+icc+k§f,
"":_z cc __255 ¢t &e.
.._555 ¢t |

which expression also is more simple than that from which it
is derived, while the accuracy of it is not less, as is pretty evi-
dent on inspection. And, that the numerical values of b, 7,
and k, are very easily attainable from the values of A’ u, and ',
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given above in Art. g, 4, and 5, of this paper, is very obvious.
In a subsequent Article, these values will be inserted.

8. And the product of the two factors in the value of B, in
Art. 16, may also be exchanged for a more convenient expres-
sion, by a like process.

p+ ccc+ Tt

. cc c*
q — -5 — ~'§-,€99(I.

p+ occct+ ¢ .}
—Lpcc—Loct S=p+lcc+4 mc, e
—gpc
which expression also is more accurate than that from which
it is derived, as well as more simple. The numerical values of
! and m, which are evidently given from those of 4, #, and r,
will be inserted a little further on, when we come to an example
of calculating the values of A and B in numbers.

9. The numerical calculation of the other member also, in
which « enters, may be facilitated and abridged, by the follow-
ing considerations.

If ¢ be put for the sine of an angle, radius being 1, then will
144/ (1— cc) be the versed-sine of the supplement of that aﬁgle,

and ——— T \/(1
which it follows, that the reciprocal of this quantity, viz.

144/ (1—cc)
¢

—7 Will be = the tangent of half that angle; from

» 1s = the co-tangent of half the angle of which the

sine is ¢. The common logarithm of L'L‘—/—E—I:—f—cl may therefore
be taken out from TavLor’s excellent Tables,* and quickly con-
verted into an hyperbolic logarithm, by Table XXXVII. of
Dopson’s Calculator.

# These valuable Tables are computed to every second of the quadrant.
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10. An expressmn of this kind; -‘b-—-—-— when ¢ is the only va-

riable quantity, consisting of several ﬁgures, and 7 and s are

likewise long numbers, will be much better adapted to the use

j: rtcc,
q—s+c

multiplications of 7 and s into c¢, or additions of their loga-
rithms and taking out two numbers, are by this means ex-

of logarxthms, when put in this form, —x = because the

“changed for the addition of the constant logarithm of =-: the

: quotienfs —f— and -Z—, once found, being constant numbers. Thus,

. 8—2¢ .
the numerical value of even -——:-Z%, where 7 and s are single

8
4—cc

S, rhan by the

ﬁgures is more easily obtained by = X
former expression.

11. Lut it will appear upon trial, that the arithmetical value
of any three terms p't g'cc 47¢*, in which ¢, ¢/, and 7, are
constant quantities, and cc consists of five or six places of
figures, may, in general, be more easily obtained by logarithms

than the arithmetical value of —x I-q:%-;z—i. And, since the dif-

ference of the values of these two expressions is inconsiderable
in the present case, I shall make no further use of the frac-
tional expression; but observe, that the logarithm of ¢cc, in
the other expression, being found, the logarithm of r’c will be

had, by adding to it the logarithm of = —-cc ; for q ‘cc % ?cc_._ et

And, since the logarlthms of the numberb Wthh stand in the
‘place,s‘of ¢’ and = 7 may be taken out and reserved for use, and
the logarithms of ¢cc and «, once found, will serve for all the terms
in which these quantities occur, it will appear by an example,
that neither many logarithms, nor many numbers correspond-
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ing to logarithms, need be taken out of other tables, in com-
puting the value of A or B.

12. It will now be proper, since the literal expressions of the
values of A and B have been exchanged for others which are
more convenient, to bring the new equations together in one
view, and, after that, to give an example of the numerical cal-
culations by them.

It appears, by Art. 9, 10, 13, 16, and 147 of the preceding
paper, and 6, %7, and 8 of this, that

1. A=-——-5———-z-x
= (atb)= + +3wcot3 act,

o Al — 1 X{W—i—;—{—b—f—wc-l—kc
= +iet Fracet Par
3. B=32A—. x{ Pk toe F me
wb(atb)z +20¢+ acc—[-“éac

4. B'=Z% (A2 — A).
In which equations, the values of the coeflicients are as follows :
e == 01931472, b = 0-0823604, p == 1'3862944,
f=o0"1086802, i =o00p51502, I =03465730,
= 0'0687064,  k==0"0408309, m == 0'1793226.

13. The constant numbers which will be wanted, in com=
puting the arithmetical values of A and B, are those denoted
by e, b, and p, which are given in the preceding Article; and
the constant logarithms are the following, which are respec-
tively set down to as many places of figures as are requisite.

MDCCXCVIIIL. 4 C
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L.2 = 0'3010,300, L. -:- = 1-8239,087, L. -:—; =181%,
L2 =7157403 L. —i— = 1-8%50,6, L.-=16989,7,
L. %=T7 L %=T6197,9, L %:—:?750

L. f=To1g7,0 L. i=2%4155 L. I =1.5398,0
L. & =1801 L. £ =71-869 L. 2 =T714

L. 7 = 0'49%71,499*.

14. An example, to illustrate the method of computing by
these theorems, may now be proper.

Let it be required to compute A and B by the 1st and gd
theorems, in Art. 12. when the two planets are Venus and the
Earth.

This arithmetical work may stand as follows, in three co-
lumns, the logarithms being in the middle, and the numbers
corresponding to them on the two sides; where a distinction
is made, which is too obvious to need any description. By this
arrangement, a frequent repetition of words, number, and lo-
garithm, will be avoided. 1 ’

- All these constant logarithms are to be written on a slip of paper, for the sake of
expedition in the use of them.
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First, for the value of A.
Numbers, Logarithms, Numbess:
Here a = 1-5286,71 1% 0©0°1828,913
and b= 14451,60 }Ar.c?84oo,841
8 — b=0078511 28949,305
a 4+ b=2.9688,31 0°4725,855

ST=ce - - 34ee3440
":T 1:8786,850 - 4562841 = "E!E'
— 019315 = ¢
fee 34380,44 =~ 000244 =fce

S
— g 2°2
g . 44

Sum of these twologs. 5682 - = 000005 =g¢c*

The sum of these four terms is - - 75-824,35 .
Having now found the value of the four terms = 4 ¢ + fce

-+ g¢*, we must next find the value of the three logarithmic‘

terms w+%a&0€ 4 -2

s+ «c* which may quickly be done as
follows :

Half the logarithm of c¢ is T 1,725 =the sine of ¢° 21’
g2 28; and half this angle is 4° 40’ 46™14, the logarithmic co-
tangent of which is 1:0869,576; and this common logarithm

* I was favoured with these numbers by Dr. MaskEL ¥ NE.
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reduced to an hyperbolic logarithm, by Table XXXVII. of

Dopson’s Calculator, gives - - 2:50281 =«
o - 0'39843
§ec - = 399638
Sum of these two logs. 5-394181 - - 002482 =} ac¢
fec - - 2218
4613 - - 000041 =-3%act;
The sum of these three terms is - 2:52804 ; to which,

add the sum of the four terms above found, %7 5-824,35,and wehave

1-8940,523 - #8:g5289 == all the terms.
7 (a -+ b)% 1°2060,283

The difference of th ._ |
two llo;efreiltﬁms is ese}°'688°’24° - 487555 =A.

The value of A being now found, the computation of the
value of B will be very easy, since, of the six terms wanted,
two are already computed, and the logarithms of all the rest
are at hand. This operation may stand as follows, the loga-
rithms being still in the middle. '
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!
m(,'C

Sum of these two logs.

9
166()

Sum of these two logs.

w(a+ b)*

Diff. of these two logs.

A -
a -

Sum of these two logs.

2
b

3 (Aa—A)

1-38630 =1
g-g621 000916 = l¢¢
2136
47098 - 00001 =mc

500562 =2
251975 008309 = Lacc
2°1%72
4692 0°00049 = %o c*
08085345 648479 = { irome”
073340427
0'0%750,916 1118875 = A
0.6880,240
0.1828,913
0.8709,158 - | 742874 =A a
0.7951,840 =~ 628999 = Aa~— 1}
0'1411,141
0-9362,981 863571 = B.

We have now the values sought, viz. A = 48756, and
B = 8:6357; and from these may the values of C, D, E, &c. be
easily found, by the equations given in Art. 20. of the preceding

paper.

I have set them down here only to five places of

figures, it being evident, from the value of a — b, that the result
cannot be depended on to more places than five, which, how-
ever, are very sufficient for the purpose.
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I have taken notice above, in the computation of B, that, of
Six terms wanted, two were ready, one of them being a con-
stant quantity, and the other computed in the preceding ope-
ration ; and it may be remarked, that, if the two terms in which
¢* enters had been omitted, the difference in the result would
not have been so much as ¢ in the fourth place of decimals,
which is inconsiderable. Therefore, of the six terms in this
expression, two are given, and two more only need be com-
puted in this case.

And it may be further remarked, that the term e is always
given in the expression of the value of A, and that the two
terms in which ¢* enters may be omitted, as that will occasion
a difference in the result, of only g in the fifth place of de-
cimals, which is quite inconsiderable. Of the seven terms,
therefore, in Theorem 1. Art. 12. one is given, and four more
only need be computed, when Venus and the Earth are the two
planets of which the perturbations are to be computed.

15. My avocations calling me off from these delightful spe-
culations, I must now put an end to this paper, without men-
tioning some other observations which I have made on this
subject.

May 6, 1797.



